M athematics 1052, Calculus| |
Exam 1, April 3rd, 2010

1. (8 points) If an unknown functiopsatisfies the equation
2X

Y= era
with the condition thay(2) = —1, then what ig/?

tion u= x*+ 4 anddu = 2xdx
_ 2x L am Bas o 3(+4)%3
y_/\%@__'_drdx_/%du_/u du—zu +Cc= 5 +c
We also know that wher= 2 we havey = —1. Then

3(22+4)%/3
_1:%_{_0:64_(:

which impliesc = —7. This means

Solution: We must integratg’ againstx to findy up to a constant. We will use substity

2. Compute the foIIowing integrals

(@) (5 points) /

dv
vin?v

Solution: Use substitutioru = In(v). Note that If(v) means(Inv)? NOT In(2v).

the boundary points as suggested by the substitution. Senwlep e we haveu =
In(e) = 1 and wherv = /e = e%/2 we haveu = In(e'/?) = 1. Then

N 12 q 1/2 u-11%/2
/ —/ —vdu_ ul= "
e vinv 1 -1

dv
Our substitution indicatedu = —, and thereforelv = vdu. We must also change

(b) (5 points) / Co (4x)dx

Solution: We will use one of the double angle formulas

cog(8) = 2(1+ cog26))
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This formula tells us that

/0052(4x)dx: %/(1-1- cog(8x)) dx = >_2<+ % _ S|n538X) oo >_2<+ s|nl(§x)

Note that the last 8 in the denominator comes fitbereverse chain rule.

_ In2v3) X
(c) (5 points) /0 i eZXdX

Solution: We use the substitutiom= €*. Observe tha¢® = (&¥)?, and therefore, it
can be replaced by?. Moreover,du = edx = udx anddx = d—lj*. We also change the
boundary points: wher = 0 we haveu = €° = 1 and wherx = In(2y/3) we have

u=en@3_2,/3 Then

In(2v3) X g 2V3 Uy du 23 1 g 1 u
/o 41 e X_/l 4+u27_/1 22 4+ 12 u_iamtar(i)

:% arctar{v/3) — %arctar(l/ 2) = g — %arctar(l/ 2)

23

1

3. (10 points) Evaluate the following limit by interpretiitgas a Riemann sum form of an inte-
gral, and then computing that integral:

r!ian % (cos(%) +cos(2FT[) +---+cos<%n>)

Solution: By looking at theAx term, which is—, and the individual choice pomt'%

n
wherei = 1,2,...,n, we see that the interval [§,1]. Then the function we need to inte
grate is co&nx). Therefore the limit above represents the integral

1

1 1.
/o coqTx) dx = ﬁsm(nx) . =0
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4. (6 points) What is='(x) if F(x /n( v/ sin(t)dt?
tan(x

Solution: We use the Fundamental Theorem of Calculus together with then@ule to

get
dx/n( V/sin(t)dt = +/sin(1 ——\/smtan(x dtan
tan(x

which gives us

—/sin(tan(x)) se¢(x)

5. (15 points) Consider the area enclosed by theyirex+ 2, the parabolg = 4 — x? and the
X-axis.

(a) Formulate (but do not compute) the area as an integralove

Solution: As you can see from the graph above, the area must be computea b
different integrals. For that we need the intersection ef ¢arvesy = 4 — x? and
y = x+ 2. We obtain that point by setting these equations equaldb ether.

4 =x4+2 = 0=xX+x-2 = (x+2)(x-1)=0

We need both intersection poimnts= —2 andx = 1. We also need the intersectian
points ofy = 4 — x? with the x-axis:

4—x°=0 = x=4+2
Then the area is

2 2
/ (x+2—0)dx+/1(4—x2—0)dx

(b) Formulate (but do not compute) the area as an integralyove

Solution: In order to write the integral which computes the area gvewe must
view the area as a collection bérizontal (as opposed twertical) line segments, ang
compute the lengths of these line segments as a functign Bbr that, we need to
write our graphs wherr is the dependent variable agds the independent variable.
We obtain

y=X+2 = Xx=y-2

for the first curve, while for the other curve we get

y=4-—x° = X2 =4-y = Xx=4./4—y
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The solution with thet sign is the right half of the parabola, and the solution w
the — sign is the left half of the same parabola. Notice that, walrieey-coordinate
of the intersection point to write the new integral. Simxce 1, by using either of the
curves we gey = 3. Then the area is

[ /Ay -2)ay

(c) Evaluate one of the integrals above.

Solution: We will compute both integrals here for the purpose of dertratien.
First the integral ovex

2 2

1 2 X
/ (x+2)dx+/ (4—x¥)dx= % +2x
2 1 2

3
X
4X — —
+ 3|, 6

-2

Now, the integral ovey. here we use a substitutian= 4 —y anddu = —dy. Also
y=0isreplaced by 4, angl= 3 is replaced by = 1 as boundary points.

= 2)dy= [ (i (4 2) (~du) = [ (W2 u-2)d
| (VA=y=-2)dy= [ (Vi-((4-v)-2))(-dw) = | (@*+u-2)au

4 37

2 3/2 u?
_ L o
3U + > u

1 6

6. (15 points) Evaluate the indefinite integ?éln(l—xz)dx

Solution: We will use the method ofntegration By Parts. we setf = In(1—x?) and

dg=dx. Then
df:m and g=X
and
—2x2 2x2
—x2)dx = —¥2) — _ 2y
/In(l x°)dx = xIn(1—x%) /_X2+1dx XIn(1—x%) /xz—ldx

Now, we will use method oPartial Fractions. For that, we first need to factorize the
denominator ag® — 1 = (x— 1)(x+ 1) and reduce the degree of the polynomial in the
numerator by Euclidean long division:

2% =2x*—1)+2
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Then the second part of our integral is equal to

In order to get the unknown coefficierdsandB, we must solve

2=AX+1)+B(x—1) = (A+B)=0andA—-B=2

1 1
/—dx——dx:In|x—1|—|n|x-|—1|+c
X—1 X+1

which makes our final answer

/In(l—xz) dx = xIn(1—x2) — 2x— In|x— 1| +In|x+ 1| + ¢

2x2 2 A B
/xz—ldxz/2+(x—l)(x+1)dx:2x+/(x—1+x+l) dx

and thereford = 1 andB = —1. Thus the remaining part of our integral is

7. Compute the following integrals

() (9 points) / sin’(6) co$}(8)d6

tion. We separate one of the cosine terms as use ddet cog0)do
we assumel = sin(B). Notice that we write

/ sin’ () coS}(8) e — / sin’ () co2(8) cog6)d8

Then our integral transforms into

Solution: There are two equally valid similar solutions. Here we givgt jone solu-

and therefore

and make a subsititutiom= sin(8) we will have an extra c3¢6). This term must be
rewritten in terms of si(@). Bu we have the simple identity c§) = 1 — sir?(8).

8 10 8

/u7(1—u2)du: /(u7—u9)du: w0 i) sin') ,

10

V=9
de

(b) (10 points) /

Solution: The most obvious solution is by the methodTofgonometric Substitution
and we use = 3se¢B) because our integral containé2 — 32. Then we first have
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dx = 3se¢0)tan(0)d6 and

\/ 9seé(d \/ 9tar?(0) = 3tan(0)

Now, our integral can be written as

/ sz— 3tan(8)

3se¢0)tan(6)de — 3 / tar () do

3se ¢e
_3/ (sed(8) —1)dB = 3tan8) —30+c
Since se(®) = %, we seed = arcse¢x/3). Now, we draw right triangle with an innef
angle® which satisfies cd®) = )—3; This implies taff) = —ng‘g. Then our final

answer for this question is

VX2 —9—3arcse¢x/3) +c¢

4x2 — 3x+ 2
8. (12 points) Evaluat?f %dx

Solution: We will use the method oPartial Fractions. We first notlce that there is &
repeated factor in the denominator. Therefore, the fraatitunction®$ (‘3’“;2 must split
as

452 — 3x+2 A B C
(x—1)  x X x—1
In order to solve foA, B andC we must first make a common denominator. This leads
to the equation

4x2 —3x+2=Ax(x—1) +B(x—1) +Cx®* = (A+C)x*+ (B—A)x— B

Then we immediately conclude thBt= —2. AlsoB — A= —3 which mean®\ = 1. And
finally, A4+-C = 4 which yieldsC = 3. Now, we can compute our integral:

/4x2—3x+2

1 2 3 2
dx:/ - +— dx=In|x|+ - +3In\x 1| + arbitrary constant
X2(x—1)

X
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Bonus: Show that the integrals
Ih= / x"e *dx
satisfy the recursion formula
lh=—Xx"e*+n-1,_1 where lg=—-e*+cC

for any natural numben > 1. Now, using this recursion formula, evaluate

/ x3e *dx

Solution: For the recursion relations, we will try to compute our imtdg using the method of
Integration by Parts. We first identifyf = x” anddg = e dx. Thendf =nx"~!andg= —e*,
and therefore

I = /x”e‘xdx = Xe X4 n/x”‘le‘xdx = —X"e*+nlp1
as we wanted to show. Far= 0 we see that
lp= /xoexdx = /exdx: —e*+c
Now, using these formulas

l3=—xe X+3l= e *+3(—x2e X +2l;) = x’e *—3%e *+6l;
=—xe X—3e X+ 6(—xe X +lg) = —xCe X—3x%e X—6xe ¥ —6e X+cC
=—e X(C+3x%+6x+6)+C
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